In this paper, we study m-isometric block Toeplitz operators with trigonometric symbols. In addition, we give a necessary and sufficient condition for block Toeplitz operators with trigonometric polynomial symbols to be m-contractive.
Introduction
Let H be a complex Hilbert space and let L(H) be the algebra of all bounded linear operators on H. In the 1990s, Agler and Stankus [1] The m-isometric operators have been widely investigated in recent years. The theory of m-isometric operators was investigated especially by Agler and Stankus [1] [2] [3] . Agler and Stankus [1] [2] [3] developed a rich theory of m-isometric operators and highlighted its connections to Toeplitz operators and function theory. Agler [4] illustrated the connection between m-isometric operators and the classical disconjugacy theory. In recent years, there have been studies on products of m-isometric operators [5] , and m-isometric composition operators [6] . In [7] , the authors characterized m-isometric Toeplitz operators by properties of the rational symbols and gave some results for m-expansive and m-contractive Toeplitz operators with trigonometric polynomial symbols.
Let L 2 ≡ L 2 (T) be the set of square integrable measurable functions on T and H 2 ≡ H 2 (T) be the corresponding Hardy space. Let L ∞ ≡ L ∞ (T) be the set of bounded measurable functions on T and let
We introduce the notion of block Toeplitz operators. Let M n×r denote the set of all n × r complex matrices and write
For the matrix-valued vector-valued Hardy space H 2 C n of the unit disc defined by
Gu, Hendricks, and Rutherford [8] studied the hyponormality of block Toeplitz operators and characterized the hyponormality of block Toeplitz operators in terms of their symbols. In particular, they showed that the hyponormality of the block Toeplitz operator T Φ will force Φ to be normal, that is,
This paper is organized as follows. In Sect. 2, we present some preliminary knowledge of block Toeplitz operators and m-isometric operators. In Sect. 3, we give several results for the m-isometric (respectively, m-expansive and m-contractive) block Toeplitz operators with rational symbols. We give a concrete description of m-isometric block Toeplitz operators in terms of the coefficients of the matrix-valued rational symbols.
Preliminary
We first review the results of m-isometric Toeplitz operators with rational symbols. The properties of Toeplitz operators enable us to establish several consequences of misometric operators. Given a positive integer m, it follows from the definition that an operator T ∈ L(H) is an m-isometry if and only if
Using the identity (2.1) and the block Toeplitz operator with matrix-valued trigonometric polynomial symbol Φ, we consider the following equation:
From the well-known results for Toeplitz operators and isometric operators, we can extend the results to block versions. As the idea of the proof is completely the same as in that of [9] , we omit the proof of the following lemma.
Lemma 2.1 A necessary and sufficient condition that a Toeplitz operator T Φ be an isometric operator is that Φ is inner.

For a matrix-valued function
is a left inner divisor of Φ if is an inner matrix function such that Φ = A for some * We write Z(θ) is the set of zeros of an inner function θ . The following lemma will be useful in the sequel. 
Main results
In this section, we give several results for m-isometric block Toeplitz operators with trigonometric polynomial symbols. 
. Since B and Θ 1 are coprime, we have a contradiction. Therefore Φ -= 0 and hence Φ is analytic. This completes the proof.
Example 3.2 Suppose that
Then Φ is analytic, but
Hence T Φ is not 2-isometric.
Next, we show that every m-isometric block Toeplitz operators with trigonometric polynomial symbol is an isometry. 
. Then the Toeplitz operator T Φ is an m-isometry if and only if Φ is inner.
Proof Sufficiency is obvious. To prove necessity, if T Φ is an m-isometry, then 
Thus (Φ
Next, we study contractive and expansive Toeplitz operators. We consider m-contractive Toeplitz operators with trigonometric polynomial symbols when m = 1 and 2.
The next lemma plays a key role in finding necessary and sufficient conditions for mexpansive and m-contractive Toeplitz operators.
Lemma 3.5 ([11]) Let A, B, C be complex matrices where A and C are square matrices. Then
First, we consider the 1-contractive Toeplitz operators.
Theorem 3.6 Suppose that Φ is a matrix-valued function in L
∞ C 2 of the form Φ(z) = a(z) b(z) c(z) d(z) . (3.1) (i) If a ∞ + c ∞ > 1, then T Φ
is contractive if and only if
where
Proof From the definition, T Φ is contractive if and only if T Φ * T Φ -I ≥ 0 or equivalently,
By Lemma 3.5, T Φ is contractive if and only if
and
Therefore, by the inequality (3.3),
or equivalently,
where 
, T Φ is never contractive. This completes the proof.
Using the same arguments of Theorem 3.6 that we can check the following consequence.
Corollary 3.7 Suppose that Φ is a matrix-valued function in L
∞ C 2 of the form (3.
1). (i) If T a T a + T c T c < I, then T Φ is expansive if and only if
( 
ii) If T a T a + T c T c = I, then T Φ is expansive if and only if
T b T b + T d T d -I ≤ 0. (iii) If T a T a + T c T c > I, then T Φ is never expansive.
Corollary 3.9 Suppose that Φ is a matrix-valued function in L
Then by a direct calculation we deduce that
where Since the induced relations are very complicated, in order to consider the 2-contractive or 2-expansive Toeplitz operators, we consider the case with a simple symbol. Recently, m-isometric Toeplitz operators with single-valued symbols were studied in [7] . 
